City University of New York (CUNY)

CUNY Academic Works
Publications and Research

Queens College

2022

Whispering Gallery Modes of a Triatomic Photonic Molecule
Vladimir Shuvayev
CUNY Queens College

Stanislav Kreps
Technion Institute of Technology

Tal Carmon
Tel Aviv University

Lev Deych
CUNY Queens College

How does access to this work benefit you? Let us know!
More information about this work at: https://academicworks.cuny.edu/qc_pubs/594
Discover additional works at: https://academicworks.cuny.edu
This work is made publicly available by the City University of New York (CUNY).
Contact: AcademicWorks@cuny.edu

Whispering gallery modes of a triatomic
photonic molecule
Cite as: AIP Advances 12, 115027 (2022); https://doi.org/10.1063/5.0122772
Submitted: 25 August 2022 • Accepted: 30 October 2022 • Published Online: 23 November 2022
Vladimir Shuvayev,

Stanislav Kreps,

Tal Carmon, et al.

COLLECTIONS
This paper was selected as an Editor’s Pick

ARTICLES YOU MAY BE INTERESTED IN
Cubic and quadratic distortion products in vibrations of the mouse cochlear apex
JASA Express Letters 2, 114402 (2022); https://doi.org/10.1121/10.0015244
Toward AlGaN channel HEMTs on AlN: Polarization-induced 2DEGs in AlN/AlGaN/AlN
heterostructures
APL Materials 10, 111120 (2022); https://doi.org/10.1063/5.0121195
Chinese Abstracts
Chinese Journal of Chemical Physics 35, i (2022); https://
doi.org/10.1063/1674-0068/35/05/cabs

AIP Advances 12, 115027 (2022); https://doi.org/10.1063/5.0122772
© 2022 Author(s).

12, 115027

AIP Advances

ARTICLE

scitation.org/journal/adv

Whispering gallery modes of a triatomic
photonic molecule
Cite as: AIP Advances 12, 115027 (2022); doi: 10.1063/5.0122772
Submitted: 25 August 2022 • Accepted: 30 October 2022 •
Published Online: 23 November 2022
Vladimir Shuvayev,1,a)

Stanislav Kreps,2

Tal Carmon,3

and Lev Deych1,4

AFFILIATIONS
1

Department of Physics, Queens College of the City University of New York, Queens, New York 11367, USA
The Faculty of Mechanical Engineering, Technion Institute of Technology, Haifa 3200003, Israel
3
School of Electrical Engineering, Tel Aviv University, Tel Aviv 6997801, Israel
4
The Graduate Center of the City University of New York, New York, New York 10016, USA
2

a)

Author to whom correspondence should be addressed: shuvayev@physics.qc.cuny.edu

ABSTRACT

In this paper, we present the results of numerical simulations of the optical spectra of a three-sphere photonic molecule. The configuration
of the system was continuously modified from linear to triangular, in-plane with the fundamental mode excited in one of the spheres and
perpendicular to it. We found the relative insensitivity of the spectra to the in-plane deviation from the linear arrangement up to about 110○ .
For larger angles, the spectra show significant modification consisting of the major spectral peaks splitting and shifting. On the contrary, the
spectra are quite sensitive to out-of-plane molecule deviation, even at small angles. Thus, the spectra of photonic molecules can be modified
by changing the mutual positions of the constituent resonators, which can be useful in reconfigurable photonic devices.
© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0122772

I. INTRODUCTION
Optical whispering gallery modes (WGM) are resonances of
axisymmetrical optical resonators possessing especially long lifetimes τ (or corresponding narrow spectral linewidths γ ∼ 1/τ in
scattering experiments). The electromagnetic field of WGMs is confined to a small spatial region in the vicinity of the surface of the
resonator resulting in significant enhancement of the energy density of these modes. WGMs of spherical resonators are characterized
by their angular momentum (order) l, polar number m describing
the component of the angular momentum along the polar axis of a
corresponding spherical system of coordinates, and radial number s
specifying the distribution of the field in the radial direction. Scattering resonances of spherical particles are known as Mie resonances.1
WGMs correspond to Mie resonances of large orders l ≫ 1 and
small (order of unity) radial numbers s and are characterized by high
Q-factors defined as Ql,s = ωl,s /γl,s , where ωl,s and γl,s are frequency
and the linewidth of the resonance of order l and radial number
s. In spherical resonators, these parameters do not depend on the
polar number m resulting in 2l + 1 degeneracy of the resonators.
The Q-factors of WGMs can reach values of 107 − 109 , which in
combination with small mode volumes make WGMs attractive for
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applications as various types of sensors, filters, nonlinear optical
devices, etc. (see reviews in Refs. 2 and 3).
The electromagnetic field of WGMs falls off with the distance
from the surface of the resonator in a quasi-exponential manner, similar to the behavior of the wave functions of atom-bound
electrons. Even though in the case of WGMs such an evanescent
behavior persists only up to a certain distance from the resonator’s
center, after which it crosses over to spherical wave-like oscillations,
this analogy with atomic wave functions allowed for the system of
several WGM resonators positioned in the close proximity of each
other to be called photonic molecules.4–10 The most research so
far has been done on photonic molecules formed by several twodimensional disk resonators.8–10 In a more difficult case of coupled
spherical resonators, only diatomic photonic molecules4,7,11 and the
linear chains of spherical resonators6,12 were studied. The reasons
for this disparity are quite clear—three-dimensional resonators have
a much larger number of modes, which all interact with each other
when resonators form a photonic molecule, increasing thereby the
computational complexity of the problem. In a diatomic molecule
or linear chain, the remaining axial symmetry allows one to avoid
having to deal with interactions between modes with different polar
numbers m by choosing the polar axis along the axis of symmetry.
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This reduces the number of coupled equations that need to be solved
and makes the problem more tractable. Also, from the experimental
point of view, it is much easier to assemble multi-resonator planar structures of the disk resonators then build three-dimensional
photonic molecules. However, recent experiments13 with levitating droplets demonstrated the feasibility of placing three or more
almost perfectly spherical droplet resonators in any kind of geometrical configuration making an investigation of the modes of such
photonic molecules more timely.

of the readers, we provide explicit formulas for the translation
coefficients in the Appendix to this article following Ref. 1. We
also introduced a TE-polarized external incident field characterized
(inc)
by expansion coefficients cm,l assuming that it only excites the
first sphere (i = 1). Once scattering field coefficients al,m and bl,m
are found, the expansion coefficients of the internal fields can be
immediately computed as
(i)

dl,m =
(i)

II. MODEL
In this work, we study normal modes of the system of three
identical spherical resonators arranged in configurations ranging
from an equilateral triangle formed by the centers of the resonators almost touching each other to a linear chain. Designating
positions of the centers of the resonators by their position vectors
ri , we can present the field in the region outside of the resonators as
(3)
a linear combination of vector spherical harmonics (VSH) N m,l (r)
(TM polarization) and Mm,l (r) (TE polarization),1 where upper
index three indicates the radial dependence in the form of outgoing
spherical waves,
(3)

l

∞

Es (r) = ∑∑ ∑ [al,m N m,l (r − ri ) + bl,m Mm,l (r − ri )].
(i)

(i)

(3)

(i)

(3)

(1)

i=1 l=1 m=−l

(i)

(i)

Upper index in the expansion coefficients al,m and bl,m numerates
different spheres and runs from 1 to 3. The internal field in each
sphere can be presented as
l

∞

Eint (r) = ∑ ∑ [gl,m N m,l (r − ri ) + dl,m Mm,l (r − ri )],
(i)

(i)

(1)

(i)

(1)

(2)

l=1 m=−l

where upper index 1 in the VSHs indicates that the radial dependence is given by the Bessel functions of the first kind, which remain
finite at the centers of the spheres. To facilitate applications of the
Maxwell boundary conditions at the surface of each sphere, one
can use the so-called translation theorem14 expressing VSH centered
on one sphere in terms of VSHs centered at different spheres. This
procedure results in the following system of equations for expansion
coefficients of the scattered field:
al,m = αl
(i)

(TM)

(i)
bl,m

( j)

( j)

l1 ,m1
1 ,m1
(rj − ri ) + bl1 ,m1 Bll,m
(rj − ri )], (3)
∑ ∑ [al1 ,m1 Al,m
j≠i m1 ,l1

⎧
⎪
⎪

(TE) ⎪ (inc)
= αl ⎨cm,l δi,1
⎪

⎪
⎪
⎩

( j)
l1 ,m1
+ ∑ ∑ [al1 ,m1 Bl,m
(rj
j≠i m1 ,l1

⎫
⎪
⎪
⎪
( j)
l1 ,m1
+ bl1 ,m1 Al,m
(rj − ri )]⎬,
⎪
⎪
⎪
⎭
(TE)

(TM)
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(i)

i
1
(i)
b ,
x jl (nw x)[nd xjl (nd x)]′ − jl (nd x)[nw xjl (nw x)]′ l,m

(5)

ind
1
(i)
a ,
x n2w jl (nw x)[nd xjl (nd x)]′ − n2d jl (nd x)[nw xjl (nw x)]′ l,m
(6)
where nd , nw are indices of refraction of the resonators and surrounding media, x = kRd is the size parameter, Rd is the radius of
the sphere, k is the vacuum wave number of electromagnetic field,
and []′ signifies differentiation with respect to the entire argument
of the respective spherical Bessel or Hankel functions.
The complexity of the system of equations defined by Eqs. (3)
l1 ,m1
and (4) is determined by the translation coefficients Al,m
(rj − ri )
gl,m =
(i)

1 ,m1
and Bll,m
(rj − ri ). For instance, when all spheres are arranged along
a straight line, these coefficients might be made diagonal in polar
1 ,m1
1
1 ,m1
1
indices1 All,m
= All,m
δm,m1 , Bll,m
= Bll,m
δm,m1 by choosing the polar
axis of the spherical coordinate system used to define VSHs along
this line. In this coordinate system, Eqs. (3) and (4) with different
values of m decouple significantly simplifying the numerical analysis
of the problem.4,6,11,12
In a non-linear three-resonator photonic molecules, the advantages of this coordinate system are lost, so we introduce a coordinate
system with the polar axis and XY plane defined in such a way
that a mode excited in the sphere 1 in the absence of its interaction
with two other spheres would have been a fundamental WGM characterized by m = l. The Y-axis of our system is chosen to always
pass through the centers of spheres 1 and 2, while the position of
the sphere 3 continuously changes from a linear three-resonator
chain (the center of sphere 3 is on the Y axis) to an equilateral
triangle (the center of sphere 3 is on the X axis) and can also
move outside of XY plane (see Fig. 1). Translation coefficients in
Eqs. (3) and (4) depend on the relative positions of the centers of
the resonators r1,2 = r1 − r2 , r1,3 = r1 − r3 , and r2,3 = r2 − r3 , which
in the coordinate system shown in Fig. 1 are given by their spherical
coordinates as

r1,2 = (2Rd , π/2, π/2),
r1,3 = (2Rd , π/2 + ϑ1,3 , φ1,3 ),
r2,3 = (2Rd , π/2 + ϑ2,3 , φ2,3 ),

− ri )

(4)

where αl
and αl
are single sphere Mie coefficients defined
as the ratios of the expansion coefficients of the scattered and incil1 ,m1
1 ,m1
dent fields, and All,m
(rj − ri ), Bl,m
(rj − ri ) are so-called translation
coefficients appearing after application of the translation theorem,
which describe radiative coupling between spheres. For convenience
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where angles φ1,3 and φ2,3 are related to each other via equation
φ2,3 − 2φ1,3 + π/2 = 0 with φ1,3 changing between π/6 for the equilateral configuration and π/2 for the linear chain, and angles ϑ2,3 = 2ϑ1,3
describe deviation of the center of the 3rd sphere from the aligned
equatorial planes of spheres 1 and 2.
Experiments of Ref. 13 were conducted with droplet resonators
having radius Rd ≈ 50 μm and WGMs excited in the spectral range
of around λ ≈ 700 nm. Taking into account the relative refractive
index of the droplets in water nd = 1.516, one can estimate the order
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the TE resonant term with l = L, we are left with a much smaller
system of equations
⎧
⎪

(TE) ⎪ (inc)
⎨cm,L δi,1
⎪

bL,m = αL
(i)

⎪
⎩

⎫
⎪
⎪
( j)
1
(r
−
r
)
⎬.
+ ∑bL,m1 AL,m
j
i
L,m
⎪
⎪
j≠i
⎭

(7)

L,m1
1
Noting that AL,m
L,m (r j − r i ) = AL,m (r i − r j ) and introducing (2L
+ 1) × (2L + 1) matrices
L,m1
1
Am,m1 = AL,m
L,m (r 2 − r 1 ) = AL,m (r 1 − r 2 ),
(1)

L,m1
1
Am,m1 = AL,m
L,m (r 3 − r 1 ) = AL,m (r 1 − r 3 ),
(2)

(3)
Am,m1

FIG. 1. Coordinate axes in the XY plane used to characterize the three-resonator
photonic molecule. The polar (Z) axis is perpendicular to the plane of figure. A
schematic representation of a waveguide delivering an incident wave indicates
that only the first sphere is being excited.

of the excited WGMs to be around L ≈ 2πnd Rd /λ ≈ 600. This means
that even for a single l = L, one has to deal with 2L + 1 = 1201 coupled equations. Taking into account additional equations with l both
greater and smaller than L will further increase the computational
complexity of the problem. The situation can be simplified, how(TE,TM)
ever, if one notices that single sphere Mie coefficients αl
for
higher order modes have very strong frequency dependence and are
very small when calculated at frequencies deviating from their own
resonance values by more than the resonance width. This observation indicates that when working in the vicinity of a given frequency
one can neglect contributions from all modes whose own resonances
are spectrally separated from the frequency range of interest. The
extreme case of such an approximation is the so-called resonance
approximation in which we keep only coefficients with l = L and
neglect cross-polarization coupling assuming that the incident light
is tuned to excite only a particular polarization. For this approximation to work, of course, the free spectral range of a single resonator,
which can be estimated as △λFSR ∼ λ2 /(2πnd Rd ), must be much
larger than the spectral range δλL occupied by the resonances characterized by a given L and different polar numbers m. The latter can
be estimated using, for instance, a bi-sphere photonic molecule as
δλL ∼ (λ2 ΓL /c)ALL,0 (2Rd , 0, 0), where ΓL is the radiative decay rate of
a WGM with l = L and c is the vacuum speed of light and the translation coefficients are computed in the coordinate system with its polar
axis passing through the centers of the spheres. In this case, polar
number m remains a conserving quantity and the spectral range
occupied by the WGMs split by the interaction is determined by
modes with m = 0, for which the interaction is the strongest (see,
e.g., Ref. 11). If one introduces parameter Γx = (2πRd /c)Γ, one can
relate parameters △λFSR and δλL as
δλL
= nd Γx ALL,0 (2Rd , 0, 0).
△λFSR
For experiments of Ref. 13, we can estimate this ratio to be about
0.08, which justifies using the resonance approximation in our
calculations. Thus, neglecting all inter-modal and cross-polarization
coupling and leaving only expansion coefficients corresponding to
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© Author(s) 2022

=

1
AL,m
L,m (r 2

− r3 ) =

1
AL,m
L,m (r 3

(8)

− r2 ),

with indices running from −L to L, we can rewrite the system of
Eq. (7) for a three-resonator molecule in the form of three matrix
equations
B(1) = αL

(TE)

(C(inc) + A(1) B(2) + A(2) B(3) ),

B(2) = αL

(TE)

(3)

B

=

(A(1) B(1) + A(3) B(3) ),

(TE)
αL (A(2) B(1)

+A

(3) (2)

B

(9)

).

Column vectors B(i) (i = 1, 2, 3) in Eq. (9) contain 2L + 1 expansion
coefficients b(i) for each of the resonators.
III. RESULTS
Calculations of translation coefficients with L as large as 400
present additional computational challenges due to precision problems while computing Bessel functions of such a high order. While
these difficulties are not insurmountable, the purpose of this work is
to gain general qualitative understanding of the properties of such
structures rather than to try to predict quantitative results of the
experiments similar to the one of Ref. 13. Thus, we considered in
our simulations WGMs with L = 50, nd = 1.32, nw = 1 and assumed
that the excitation of a single sphere would have only excited a
fundamental mode with M = L. As long as results are presented in
terms of dimensionless size parameter x, the results are independent
of Rd and the resonance wavelength.
We begin by computing spectra of a linear chain over a broad
spectral interval containing single sphere resonances of both TE and
TM polarizations with L ranging between 50 and 53. The results
of the computations are presented in Fig. 2. The main feature seen
on this graph is the appearance of the repeating patterns of resonances grouped around the main peak whose frequency coincides
with the frequency of a single sphere resonance. Each groups of
peaks are well separated from each other confirming our assertion that the resonance approximation shall work well in the case
under consideration. The spectral pattern consisting of a main peak
corresponding to a single sphere resonance surrounded by multiple
secondary peaks was first observed in Ref. 12. It was shown in that
paper that in a linear chain of spherical resonators with odd numbers of the spheres there always exists a collective mode of the chain
with a frequency exactly equal to that of a single sphere resonance.
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FIG. 2. (Left) Spectrum of WGM resonances for a linear chain of three spherical resonators. (Right) The side view of
the distribution of the field intensity on
the surface of the three-resonator chain
along the equator of each resonator at
the central peak frequency for TE polarization and L = 50. The white dashed
line separates different resonators.

The distribution of the field among the resonators at this frequency
according to Ref. 12 is such that only 1st and 3rd spheres are illuminated while the middle sphere remains dark. Distribution of the
intensities shown in Fig. 2 reproduces this behavior.
Now we focus on a spectral interval around the single sphere
resonance with L = 50 and study how the spectral pattern changes
when the linear arrangement of the spheres becomes distorted.
Assuming that the equatorial planes of all spheres remain aligned
(ϑ2,3 = ϑ1,3 = 0) when the angle between vectors r1,2 and r2,3 changes
from zero to 2π/3, we generate spectra shown in Fig. 3. The most
remarkable feature of these spectra is their surprising stability with
respect to the changing alignment. Essentially, all the way through
the values of the angles between r1,2 and r2,3 close to 110○ , the
changes in the spectral pattern are insignificant. The only modifications seen in the graphs are slight movement of the peaks at the end
of the spectral range toward the central peak and narrowing of the
latter. The stability of the spectrum can be explained by two properties of the translation coefficients responsible for coupling between
the resonators. First, the translation coefficients rapidly decrease
with increasing distance between the centers of the spheres allowing for introduction of the nearest-neighbor approximation used,
e.g., in Ref. 12. Second, a fundamental mode (concentrated in the
equatorial plane of a resonator and characterized by polar number
M = L) of one sphere interacts most strongly with a fundamental

mode of another sphere because the field overlap decreases as polar
number M changes away from L (the field of the modes with M < L
can be thought of as localized around planes inclined with respect
to the equatorial plane). Thus, as long as the centers of all spheres
remain in the XY plane and the interaction between the first and the
third spheres can be neglected, the change in the alignment of the
centers of the spheres does not affect the position of the main
peak—the main spectral feature—while generating only small
changes in other spectral features. The most important of these
secondary effects is the shift of the peaks at the end of the spectral
region toward the center resulting in narrowing of the entire spectral
rage corresponding to a given resonance.
Once the angle between vectors r1,2 and r2,3 increases beyond
110○ , the spectrum starts changing more significantly. It is interesting that these changes take place over very small variations of
the angle beyond the critical value, which also can be explained
by a sharp dependence of the translation coefficients on the
distance between the centers of the spheres. The main reason for the
observed spectral modifications is the increasing role of the interaction between first and third spheres as the distance between their
centers decreases. This interaction is responsible for the splitting of
the center peak into two narrower peaks as well as for the enhancement and splitting of the secondary peaks at the end of the spectral
interval associated with L = 50 modes. The spectral changes are also

FIG. 3. Modification of the spectral
response of the first resonator of a threesphere photonic molecule with changing alignment in equatorial plane. The
spectra in the left panel correspond to
angle π/2 − φ2,3 changing between 0
and π/2, while the right panel shows
the spectra for π/2 − φ2,3 changing
between π/2 and 2π/3. Arrows show
shifts and splitting of the peaks with the
increasing angle.
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FIG. 4. Effects of misalignment of the
equatorial planes due to the change of
angle ϑ2,3 .

accompanied by changes in the distribution of intensities of the field
within and between the spheres.
The misalignment of the equatorial planes of the resonators has
a more profound effect on the spectra of the photonic molecules.
With increasing angle ϑ2,3 , the height of the central peak decreases,
while all other resonances become much more prominent (see
Fig. 4). This effect can also be understood by thinking of the field
profile in the resonators as linear combinations of VSH defined in a
coordinate system with the polar axis perpendicular to the equatorial
planes of the first two spheres. When the equators of the all spheres
are aligned the strongest interaction is between the fundamental
VSH, which results in the strongest resonance at the unperturbed
single-sphere frequency. As the third sphere starts deviating from
the XY plane, VSHs with different polar numbers m composing
the field in the sphere enjoy better overlaps with VSHs in other
spheres resulting in shifting spectral pattern. This trend of diminishing the weight of the single sphere resonance and enhancing the
resonances at the ends of the spectral range is observed throughout the entire range of ϑ2,3 from 0 to 90○ . The details of the spectra
are quite sensitive to the position of the third sphere: changes of
the angle as small as several degrees result in significant movements
of the peaks, their overlap and splitting. Apparently, such sensitivity can be also attributed to the strong dependence of the overlap
between different vector spherical components comprising the field
of different spheres on their mutual positions. In the supplementary
material, we present videos showing spectral changes with changing
misalignment of the equatorial planes of the individual resonators.
The sensitivity of the spectra to the alignment manifests itself via
apparent jumps in the video.

results of our simulations is the relative insensitivity of the spectra
to the deviation of the arrangement from the linear up to angles
between lines connecting centers of the spheres of about 110○ as
long as equatorial planes of the spheres are coincident. The most
important change in this situation is the narrowing of the spectral
region corresponding to excited mode. We found that misalignment
of the equatorial planes has a more profound effect: as the third
sphere moves out of the common equatorial plane, we observe the
significant modification of the spectra, which consists of spectral
peaks merges and splits. The results of our computations show that
the spectra of photonic molecules can be modified by changing the
mutual positions of the constituent resonators, which can be useful
in reconfigurable photonic devices.

IV. CONCLUSION

AUTHOR DECLARATIONS
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a(l, l1 , p) =

il1 −l+p (2l1 + 1)
[l(l + 1) + l1 (l1 + 1) − p(p + 1)],
2l1 (l1 + 1)
il1 −l+p (2l1 + 1) √
(l + l1 + 1 + p)(l + l1 + 1 − p)
√2l1 (l1 + 1)
× (p + l − l1 )(p − l + l1 ),

b(l, l1 , p) = −

and
⎛l
⎜
⎝m
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l1
m1

⎞
⎟
−(m + m1 )⎠
p

are Wigner 3j symbols.

REFERENCES

APPENDIX: TRANSLATION COEFFICIENTS

1

Translation coefficients are defined as in Ref. 1,
1 ,m1
All,m
(kri,j , θi,j , φi,j ) =

l+l1
γl,m
(−1)m1 ∑ a(m, l∣ − m1 , l1 ∣p)a(l, l1 , p)
γl1 ,m1
p=∣l−l1 ∣

× hp (kri,j )Ppm−m1 (cos θi,j ) exp[i(m − m1 )φi,j ],
(1)

1 ,m1
Bll,m
(kri,j , θi,j , φi,j ) =

l+l1
γl,m
(−1)m1 +1 ∑ a(m, l∣ − m1 , l1 ∣p, p − 1)
γl1 ,m1
p=∣l−l1 ∣

× b(l, l1 , p)hp (kri,j )Ppm−m1 (cos θi,j )
(1)

× exp[i(m − m1 )φi,j ],
where
a(m, l∣m1 , l1 ∣p) = (−1)m+m1 (2p + 1)
¿
Á (l + m)!(l1 + m1 )!(p − m − m1 )!
À
×Á
(l − m)!(l1 − m1 )!(p + m + m1 )!
⎛l
×⎜
⎝m

l1
m1

⎞⎛ l
⎟⎜
−(m + m1 )⎠⎝0
p

l1
0

p⎞
⎟,
0⎠
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